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Preface 

M y aims i n w r i t i n g th is book are set out i n C h a p t e r 1. It grew, at the 

p r o m p t i n g of D r A b e Yoffe, out of lectures i n superconduc t iv i ty w h i c h I 

gave to graduate students of the Cavend i sh Labora to ry , and , after its foun­

da t ion , to students of the Cambr idge I R C i n Superconduct iv i ty . W h i l e 

w r i t i n g I have been involved i n runn ing the annua l I R C W i n t e r School , 

and i t w i l l be obvious to any who know the school tha t I have benefited 

much from the courses given by m y fellow lecturers from the U K super­

conduc t iv i t y c o m m u n i t y over several years. T h e book has been read i n 

draft by referees i n the U K and i n the U S whose identi t ies I can only guess 

at, and parts of i t have been read i n C a m b r i d g e by m y colleagues A r c h i e 

C a m p b e l l , J o h n Coope r , G i l L o n z a r i c h , J o h n L o r a m , A n d y Mackenzie , 

D a v i d M o r g a n , A n d y P a u z a , B r i a n P i p p a r d and Joe Whea t l ey ; the pro­

duc t ion at Ins t i tu te of Phys ics P u b l i s h i n g has been i n the capable hands 

of J i m R e v i l l , K a t h r y n Cant ley , Peter B in f i e ld , P a m e l a W h i c h a r d and m y 

patient and tho rough desk editor Sara G w y n n : a l l , k n o w n and unknown, 

have made very const ruct ive contr ibut ions , and I a m grateful. M y most 

impor t an t debt is to the teachers, colleagues, students and vis i tors who , 

over m a n y years, have been helping me to get m y ideas s traight . There are 

too m a n y to cite t h e m a l l by name, but I must men t ion especial ly B r i a n 

P i p p a r d , B r i a n Josephson and D a v i d Shoenberg (to whose own book on 

superconduc t iv i ty I hope tha t mine can prove a useful successor). 

D u r i n g the w r i t i n g , I have frequently been a la rmed by the feeling that 

the subject was m o v i n g faster t h a n I was. I can o n l y hope that parts of 

the book are sol id enough to s tand the test of a l i t t l e t ime . 

J o h n W a l d r a m 
C a m b r i d g e M a r c h 1996 





1 Introduction 

1.1 T h e aims of this b o o k 

In th is book I a i m to provide what most research workers entering the field 

for the first t ime need to know about superconduct iv i ty . T h o u g h i t is not 

a imed at professional theoret icians, i t contains a good deal of theory, and 

plunges in to theoret ical ideas f rom the second chapter. I make no apology 

for th is : superconduc t iv i ty is a subtle phenomenon whose proper under­

s tand ing involves qui te deep, though essentially s imple, concepts, w h i c h 

exper imental is ts as wel l as theoret icians need to be famil iar w i t h . In par t ic­

ular , supe rconduc t iv i ty is an essentially quantum-mechanical phenomenon. 

I have assumed knowledge of a good undergraduate q u a n t u m mechanics 

course for physicis ts . I have also assumed a work ing knowledge of sol id-

state physics and the the rma l physics associated w i t h i t . 

B u t the book is not meant on ly for physicists . Par t s of i t are intended 

to be accessible t o graduate chemists, engineers and mater ia ls scientists 

(pa r t i cu la r ly Chap te r s 3-6, 12-15 and 18), but such readers w i l l p robab ly 

either have to take much of Chap te r 2 o n trust or do some homework on 

the q u a n t u m mechanics of charged part icles i n magnet ic fields. I hope tha t 

the same chapters w i l l also prove useful i n in t roduc to ry courses intended 

for undergraduates. Some suggestions for background reading appear after 

the A p p e n d i x at the end of the book. 

In the remainder of th is chapter we sha l l review briefly the early h i s tory 

of the subject and exp la in how the book is l a id out. 

1.2 T h e absence of electrical resistance 

Supe rconduc t iv i t y was discovered at L e i d e n by K a m e r l i n g h Onnes i n 1911 

[1], soon after h e l i u m had first been liquefied i n the same laboratory. W h a t 
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he found was tha t i n pure mercury (and the same effect was soon found i n 

t i n , lead and other metals) the electr ical resistance disappeared a b r u p t l y 

below a cer ta in c r i t i c a l temperature , T c , and that , to his surprise, de l ib­

erately increasing the scat ter ing by m a k i n g the mercu ry impure d i d not 

affect the disappearance of resistance. In homogeneous samples the loss of 

resistance at T c is r emarkab ly abrupt and complete. O n e can, for instance, 

set up a c i rcu la t ing supercurrent i n a superconduct ing lead r i ng and ob­

serve no percept ible fa l l i n the current over several months i f the r i ng is 

kept below T c . 

W e now know tha t the same phenomenon occurs i n about ha l f the metals 

of the per iodic table (Table 1.1). T h e c r i t i c a l temperatures for the elements 

are a l l low, the highest be ing for n i o b i u m , at 9.25 K , w h i c h explains w h y the 

effect was not observed earlier. Since 1986, however, we have k n o w n tha t 

i n cer ta in complex cuprates the effect occurs at m u c h higher temperatures: 

F igu re 1.1 shows an example . 

Table 1.1. Superconduc t ing t rans i t ion temperatures of the most c o m m o n 

forms of the elements, i n K . O t h e r elements become superconduc t ing un ­

der pressure. None o f the rare earths is superconduct ing at a tmospher ic 

pressure. 

He 

L i B e 

0.03 

N a M g 

Ne 

K C a Se T i V C r M n Fe Co Ni C u 

0.4 5.4 

R b Sr Y Z r N b M o T c R u R h P d 

0 .819 .25 0.92 7.8 0.49 

Cs B a L a H f T a W R e O s Ir Pt 

6.0 0.13 4.47 0.02 1.70 0.66 

Fr R a A c T h P a U 

1.38 1.4 0.25 

A l Si 

1.18 

Z n G a Ge 

0.85 1.08 

A g C d In S n Sb 

0.52 3.4 3.72 

A u H g T l P b B i 

4.15 2.38 7.19 

CI 

A s Se B r K r 

Te I Xe 

Po A t R n 

If there is no resistance, i t seems that the electric field E must be zero i n 

a superconductor . It was qu ick ly discerned tha t i n consequence, according 

to Faraday ' s law § E • d i = —d$/dt, the magnet ic flux enclosed by any 

superconduct ing loop must be constant. T h u s rings of superconductor 

ca r ry ing a current should trap a fixed amount of flux and , on app ly ing 
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Figure 1.1. Resistivity of a sample of T12223 cuprate as a function of temper­
ature (after Loram et al [2]). 

a magnet ic field to a bu lk sample, screening currents must flow on the 

surface w h i c h prevent the field from entering the bulk. These predict ions 

were confirmed. 

If the magnet ic field appl ied to a b u l k sample is increased, the screening 

super current s flowing o n its surface must also increase. It is not surpr is ing 

that , as K a m e r l i n g h Onnes discovered i n 1913 [3], there is a l i m i t to this 

process: when a magnet ic field is appl ied para l le l to a long straight r o d 

w i t h no demagnet iz ing coefficient, there is a c r i t i ca l field beyond w h i c h the 

surface supercurrents can no longer exclude flux from the bu lk . For the 

type I superconductors first discovered this was the thermodynamic critical 

field Bc: at this field the supercurrents collapsed comple te ly and the meta l 

entered the no rma l state. T h e t h e r m o d y n a m i c c r i t i ca l field rises as the 

tempera ture falls (F igure 1.2). 

W i r e s of superconductor also have a critical current Ic. F o r s imple su­

perconductors th is is g iven by Silsbee's rule: the c r i t i ca l current is equal 

to 27rr£?c//xo where r is the radius of the wire , the current w h i c h generates 

the c r i t i ca l field at the surface of the wire . 

In 1927 Meissner showed [4] tha t the absence of electric field appl ied also 

to thermoelect r ic effects: there is no Seebeck voltage i n superconductors , 

and i n fact a l l the usua l thermoelect r ic effects are absent. 

1.3 T h e r m a l propert ies a n d the two-fluid m o d e l 

Measurement of the electronic heat capaci ty of t i n by K e e s o m and K o k i n 

1932 [5] showed tha t i n the superconduct ing state the heat capac i ty var ied 
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Figure 1.2. Thermodynamic crit ical fields of some superconducting elements 
as a function of temperature (solid curves). As a useful approximation we may 
write BC(T) = J3C(0)(1 - ( T / T c )

2 ) (broken curves for Sn and Hg). See also Figure 
11.10(a). 

rough ly as T 3 , r i s ing above the l inear heat capaci ty of the no rma l state as 

T c was approached, and fa l l ing back to the n o r m a l value w i t h a ve r t i ca l 

d i scont inu i ty at T c , w i t h no latent heat at the t r ans i t ion (F igure 3.2). 

T h e heat capaci ty anomaly at T c was of the sort usual ly associated w i t h 

a higher-order phase t r ans i t ion i n v o l v i n g an ordering process, l ike the ap­

pearance of ferromagnet ism below the C u r i e temperature . T h i s and other 

ear ly results suggested tha t superconduc t iv i ty is due to the appearance be­

low T c of a group of electrons w h i c h have condensed in to a new type of 

h igh ly ordered q u a n t u m state, whose current , for some u n k n o w n reason, 

cou ld not be removed g radua l ly by the usua l scat ter ing mechanisms. T h e 

absence of thermoelect r ic effects could be expla ined i f the condensed elec­

trons were so h igh ly ordered as to ca r ry no entropy. (S imi la r ideas were 

at tha t t ime be ing discussed to exp la in the para l le l phenomenon of super-

fluid 4 H e , w h i c h appeared to conta in a superf luid component w h i c h had no 

viscosity.) 

I n 1934 G o r t e r and C a s i m i r [6] therefore in t roduced a two-fluid model 

i n w h i c h the electrons were d iv ided in to a normal fluid, c a r ry ing ent ropy 

a n d subject to scat ter ing, and a superfluid condensate, ca r ry ing no ent ropy 

a n d subject to no scat ter ing. T h e y d i d not assume tha t the electrons i n 

the n o r m a l fluid were jus t l ike those i n a n o r m a l meta l (nor is th is t rue 

i n newer microscopic theories); on the contrary, they assumed empi r i ca l l y 

tha t the free energy of the n o r m a l fluid was p ropor t iona l not to the fract ion 

/ n of n o r m a l electrons, bu t to \ /7n- T h i s choice was made so as to fit 

the electronic heat capaci ty i n the superconduct ing state, then thought to 

be p ropor t iona l to T 3 . T h e i r theory predic ted tha t / n = ( T / T c ) 4 , and 

th is later received some conf i rmat ion from ear ly work on the magnet ic 
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pene t ra t ion dep th i n t i n (Sect ion 2.5). A s we shal l see i n C h a p t e r 2, the 

two-f lu id m o d e l has some basis i n the microscopic theory, but the numer ica l 

predic t ions of G o r t e r and C a s i m i r are best regarded as very approximate 

fits to the parameters o f the t rue theory, and should o n l y be used w i t h 

great cau t ion . 

T h e workers i n L e i d e n also measured the t h e r m a l conduct iv i ty , and 

showed tha t i n pure superconductors i t fell r ap id ly ( though not discon-

t inuous ly) w i t h fa l l ing temperature , and eventual ly at the lowest temper­

atures reached values s imi la r to those of electr ical insulators (see Figures 

8.2 and 14.2). In very d i r t y alloys, however, the the rma l conduc t iv i t y rose 

above the normal-s ta te value as temperature fell . T h i s behaviour was at 

least qua l i t a t ive ly i n accord w i t h the two-f luid model : i n the clean mate r ia l 

the t h e r m a l conduc t ion was normal-e lect ron domina ted (the superelectrons 

carr ied no entropy) , and fell because the number of n o r m a l electrons was 

fal l ing; bu t i n very d i r t y alloys the conduc t iv i ty was phonon domina ted , 

and rose because the phonons were being scattered less by the smaller 

number o f n o r m a l electrons. 

1.4 T y p e I a n d type II superconductors 

It became unders tood i n the 1950s tha t superconductors fal l in to two 

classes, depending on the sign of the surface energy of a supe rconduc t ing -

n o r m a l interface. A l m o s t a l l of the pure elementary superconductors s tud­

ied before 1940 proved to be of type I, w i t h a posi t ive interface energy. 

T y p e I superconductors show a reversible first-order phase t r ans i t ion w i t h 

a latent heat w h e n the appl ied field reaches Bc\ and at th is par t i cu la r field 

re la t ive ly th i ck n o r m a l and superconduct ing domains r u n n i n g paral le l to 

the field can coexist , i n wha t is k n o w n as the intermediate state. 

It had been k n o w n since the 1930s tha t superconduct ing alloys often 

contained t r apped magnet ic flux, showed a large magnet ic hysteresis and 

cont inued t o be superconduct ing at fields m u c h greater t h a n the thermo­

d y n a m i c c r i t i c a l field Bc predicted from their heat capacit ies. For many 

years th is was put down to 'd i r t effects'—supposed inhomogeneit ies, w i t h 

some sort of network of h igh ly superconduct ing regions th read ing a m a t r i x 

w i t h much weaker condensat ion—but i n 1951 a new and impor t an t phe-

nomenologica l theory proposed by G i n z b u r g and L a n d a u made i t possible 

to calculate the behaviour of superconductors i n w h i c h the order param­

eter var ied s t rongly from point to point . It g radua l ly became clear that 

the al loys were s i m p l y type II superconductors, w i t h a negative interface 

energy, and tha t m a n y of their propert ies were in t r ins ic . In such materials 

finely d i v i d e d quantized flux vortices or flux lines entered the mate r ia l over 

a range o f appl ied fields below Bc, and remained stable over a range of 

appl ied fields ex tending far above Bc, i n wha t became k n o w n as the mixed 
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state. I f these flux lines were pinned by la t t ice defects or other agencies, 

the type II superconductor could car ry a large supercurrent , great ly ex­

ceeding the Silsbee's rule c r i te r ion , i n very h i g h magnet ic fields. It was this 

w h i c h made possible the development du r ing the 1960s and 1970s of useful 

high-field superconduct ing magnets. (See Chap te r s 4 and 5.) 

1.5 O t h e r superconduct ing materials 

Table 1.1 shows the t r ans i t i on temperatures o f the elements and Tab le 1.2 

shows some impor t an t parameters for t y p i c a l superconductors of various 

types. W o r k before 1940 was concentrated largely on soft me ta l supercon­

ductors such as t i n , lead and thei r al loys, but i t was subsequently real ized 

tha t the ha rd t r ans i t i on elements such as n i o b i u m and v a n a d i u m had h igh 

t r ans i t ion temperatures and were easi ly made type II b y a l loy ing , w h i c h 

al lowed t h e m to ca r ry h igh currents i n h igh fields. N b T i wire , for instance, 

is c o m m o n l y used to b u i l d superconduct ing coils opera t ing i n fields up to 

about 9 T . 

A large number of compounds were found to be superconduct ing , and 

du r ing the 1970s i t was discovered tha t t r ans i t ion me ta l compounds w i t h 

the A 1 5 s t ructure gave s t rongly type II mater ia ls hav ing pa r t i cu l a r l y h igh 

values o f T c , m a k i n g possible magnets w o r k i n g up to 20 T . Theore t i ca l 

work had suggested tha t organic molecules w i t h half-fi l led e lectron levels 

might become superconduct ing at h igh temperatures , and th is led to a hunt 

for superconduct ing organic molecules, w h i c h was successful, t hough no 

mater ia ls w i t h except iona l ly h igh T c were found. V e r y recent ly interest i n 

organic superconductors has been rek indled th rough the discovery of super­

conductors obta ined by dop ing the c o m p o u n d CQO w i t h a lka l i metals . (The 

molecule of CQQ forms a hol low sphere and crystal l izes i n a close-packed 

la t t ice w i t h the dopants i n the interstices between the spheres.) 

In the 1980s great interest developed i n heavy-fermion compounds, such 

as U P t 3 , mater ia ls w i t h s t rong magnet ic interact ions w h i c h lead t o a large 

mass renormal iza t ion for the electrons. Some of these mater ia ls t u rned out 

to be superconduct ing and are interest ing because b o t h the condensat ion 

mechanism and the nature of the ground state are p robab ly different f rom 

those of the usual superconductors . 

U n t i l 1986 i t had been w ide ly believed tha t superconduc t iv i ty of the 

usual type cou ld not exist at temperatures above about 30 K . T h e r e was 

therefore great exci tement when i n tha t year B e d n o r z and M ü l l e r [7] dis­

covered superconduc t iv i ty i n an L a - d o p e d B a cuprate at 36 K , and the 

fol lowing year W u et al [8] found i t i n a related O-doped Y - B a cuprate at 

93 K . Since then superconduc t iv i ty has been found i n a large number of 

s imi l a r cuprate mater ia ls at temperatures up to 135 K . Since m a n y of these 
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Table 1.2. T y p i c a l superconductors w i t h impor tan t parameters. For 

anisotropic mater ia ls the pene t ra t ion depth À and the coherence length £o 

are quoted for currents flowing i n the highest conduc t iv i t y d i rec t ion . 7 is 

the Sommerfeld constant (so 7 T is the electronic heat capac i ty per un i t 

vo lume i n the n o r m a l state). Notes: (1) T h e B C S coup l ing parameter NV 

is a n o m i n a l one ob ta ined from T c and the Debye tempera ture us ing the 

B C S weak-coupl ing fo rmula (7.30). (2) These rat ios have been computed 

us ing the tunne l l ing value for A where this is known . (3) These ratios 

should be 1.0 for an s-wave B C S weak ly coupled superconductor . (4) T h i s 

ra t io should be 1.0 for any s-wave B C S superconductor i f the gap parameter 

is independent of energy. (5) Measured at 8.5 kbar . 

Tc Bc(O) A(0) £0 NV L 7 * K T C TÊ^TÇ 

(K) (T) (nm ) (nm) (1) (2, 3) (2, 4) (3) 

Non-transition elements 

A l A l 1.175 0.010 50 1600 0.18 0.99 0.96 1.12 
Sn tetragonal 3.721 0.030 51 230 0.25 0.99 0.95 1.12 
In A l 3.405 0.028 64 440 0.30 1.01 1.02 
P b A l 7.19 0.080 39 83 0.39 1.21 1.05 1.85 

Transition elements 

V A 2 5.4 0.125 0.23 0.97 0.95 1.10 
T a A 2 4.47 0.083 0.25 1.04 1.02 1.10 
N b A 2 9.25 0.127 44 40 0.30 1.04 0.99 1.45 

A15 compounds 

N b 3 G e A15 23.0 3 
N b 3 S n A15 18.2 4 

Heavy-fermion compounds 

U B e i 3 0.9 
U P t 3 0.45 18 

Organic compounds 

( T M T S F ) 2 C 1 0 4 1.2 0.003 500 140 
( T M T S F ) 2 P F 6 1.1(5) 

Ceramic cuprates 

( L a / S r ) C u 0 4 36 0.9 100 2.5 
Y B a 2 C u 3 0 7 _ 0 93 1.0 130 1.5 0.66 1.3 1.25 2 
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mater ia ls are superconduct ing above 77 K , the bo i l i ng point of l i q u i d n i t ro ­

gen, these discoveries were w ide ly expected to lead to a great flowering o f 

appl icat ions , and much effort was poured in to superconduc t iv i ty research, 

w h i c h continues today. (See Chap te r s 12-18.) 

1.6 T h e layout of this b o o k 

T h e first two chapters provide a key to much tha t follows. In th is in t roduc­

t o r y chapter we have reviewed the ear ly h i s tory of the subject and some 

of the most significant exper imenta l facts. I n Chap te r 2 we sha l l in t roduce 

the basic idea of the effective superfluid wavefunction and show how the 

celebrated London equations w h i c h describe the e lec t rodynamics of super­

conductors m a y be derived from i t . W e sha l l then describe and e x p l a i n 

the s implest macroscopic quantum phenomena associated w i t h super fluids, 

such as the Meissner effect, the magnet ic s k i n dep th and the quan t i za t ion 

of t r apped flux. Chap te r 2 w i l l make no direct reference to the microscopic 

theory, but w i l l foreshadow some of the ideas w h i c h appear i n i t . 

Chap te r s 3-6 cover those basic aspects of superconduc t iv i ty w h i c h i n ­

volve o n l y the t h e r m o d y n a m i c and superf luid properties, and can be under­

s tood w i thou t knowing the microscopic theory. No te that these chapters 

inc lude two of the most useful theore t ica l formulat ions—the G i n z b u r g -

L a n d a u theory of the non-uni form superconductor i n a magnet ic field and 

the Josephson pic ture of supercurrent passing th rough weak l i n k s — b o t h of 

w h i c h can be presented i n pure ly phenomenological terms. T h e y also i n ­

clude two topics dependent on these formulat ions—the m i x e d state and the 

Josephson effects—on w h i c h the most impor t an t appl icat ions of supercon­

d u c t i v i t y depend. T h e appl ica t ions themselves are covered i n C h a p t e r 18. 

Chap te r s 12-16 cover the basic propert ies of the h igh- tempera ture 

cuprate superconductors . W h e n this book was planned an enormous 

amount of work o n these mater ia ls was under way, and I had expected 

tha t the i r essential physics w o u l d be qu i ck ly unders tood. T h i s has not i n 

fact happened, so these chapters r emain tenta t ive and at some points spec­

ula t ive . Fo r the same reason I have t r i ed to keep to essentials and to keep 

t h e m short . 

T h e r emain ing chapters, Chap te r s 7 -11 , 16 and 17, are concerned w i t h 

the fu l l microscopic theory, w h i c h almost everyone finds difficult . M y a i m 

i n these chapters has been to make the theory more accessible to and us­

able by experimental is ts , rather t h a n to provide a treatise w h i c h w o u l d 

satisfy a theoret ic ian . T h i s theory can o n l y usefully be w r i t t e n d o w n us ing 

the fo rmal i sm of second quantization, and for readers unfami l ia r w i t h i t a 

b r ie f i n t roduc t ion is p rov ided i n the A p p e n d i x . Chapte rs 7 and 8 cover 

the basic Bardeen-Cooper -Schr ie f fe r (BCS ) theory, w h i c h has been so very 

successful for convent ional superconductors , and Chap te r s 9-11 ex tend i t 
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i n various ways. These chapters also cover those exper imenta l phenomena 

w h i c h are best discussed i n the context of microscopic theory, i nc lud ing 

the t ranspor t and high-frequency propert ies of the superconduct ing state, 

t unne l l ing th rough barriers, the p r o x i m i t y effect (the spreading of super­

conduc t iv i t y into ne ighbour ing no rma l metals) , no rmal - supe rconduc t ing 

(NS) bounda ry physics and non-equ i l ib r ium effects. C h a p t e r 16 compares 

the cuprates w i t h B C S theory. C h a p t e r 17 provides a br ief account of var i ­

ous a l ternat ive theories for the cuprate superconductors , on w h i c h there is 

yet no clear consensus. 
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2 The superfluid 

In th i s chapter we shal l examine the character is t ic superfluid properties of 

superconductors , as phenomena. T h e microscopic theory w h i c h underlies 

these phenomena appears i n Chap te r s 7-11 . 

2.1 T h e two-fluid m o d e l i n B C S theory 

T h e first successful descr ip t ion of superconductors was the two-fluid model, 

developed by G o r t e r and C a s i m i r i n the 1930s [1]. A c c o r d i n g to the two-

fluid mode l , a superconductor behaves as t hough i t contains electrons of two 

different types, the normal electrons, w h i c h behave at least approx ima te ly 

l ike electrons i n n o r m a l metals , and the superelectrons, w h i c h have s t r i k ing 

and unusua l propert ies. B o t h types of electron can car ry current: the 

n o r m a l electrons w i t h resistance and the superelectrons w i thou t resistance. 

T h e n o r m a l electrons can ca r ry heat, but the superf luid is supposed to be 

perfect ly ordered, has no entropy and can ca r ry no heat. A s we pass below 

the c r i t i c a l tempera ture T c , the densi ty of superf luid is supposed to rise 

from zero, wh i l e the densi ty of no rma l fluid falls. Since the n o r m a l fluid 

and superf luid conduct i n para l le l , the d.c. electrical conduc t i v i t y is infini te 

below T c , bu t the thermal conduc t iv i ty falls to zero at T = 0. 

T h i s s imple two-f lu id descr ip t ion survives to some extent i n the m o d e r n 

microscopic theory first developed by B C S . W e sha l l examine this theory i n 

de ta i l i n Chap te r s 7 and 8, but i t m a y be helpful to give a br ief descrip­

t i o n of some of i ts features here. T h e theory is based on the idea tha t i n 

the superconduc t ing metals there is, surpris ingly, a weak attractive force 

ac t ing between electrons near the F e r m i level . A t temperatures below T c 

th is force creates a new type of quan tum state, somewhat different f rom the 

F e r m i sea of a n o r m a l me ta l (F igure 2.1). A s a rough descr ip t ion, w h i c h we 

sha l l refine as we proceed, we may say tha t below T c the sys tem behaves as 

t hough a sma l l p ropor t ion of the electrons near the F e r m i energy had been 
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b o u n d together i n pairs, l ike molecules. T h e in te rna l m o t i o n of the pair 

is supposed to have no o r b i t a l angular m o m e n t u m (it is an s state), and 

consequently the two spins must be i n a singlet an t ipara l le l sp in state to 

satisfy the requirements of exchange symmetry . However , the pair b i n d i n g 

differs i n some ways f rom the o rd ina ry b ind ing of an isolated pair of par t i ­

cles by an a t t rac t ive force. I n convent ional superconductors at T = 0 the 

o rb i t a l state of the pa i r has a radius £o typ i ca l l y of order 1 0 ~ 6 m , so large 

tha t the i n d i v i d u a l pairs overlap s t rongly i n space, and the b i n d i n g turns 

out to be cooperative—the b i n d i n g energy 2 A of any one pa i r depends o n 

how m a n y other pairs have condensed, and, i n add i t ion , the externa l cen­

tre of mass mot ions o f a l l the pairs are coupled together so tha t each pair 

is i n exac t ly the same state. (Th i s is possible because a pair of fermions 

consti tutes a boson: we sometimes say that the pairs have undergone a 

Bose condensation—many pairs condensed into the same q u a n t u m state, 

l ike the condensat ion w h i c h occurs for purely s ta t i s t ica l reasons i n an ideal 

Bose gas at low temperatures .) A s we shal l see, i t is the presence of the 

pairs w h i c h gives the sys tem its superfluid properties. F o r instance, i f we 

add two electrons to the superf luid as a bound pair , th is has no effect upon 

the entropy, because the number of ways of ar ranging the sys tem has not 

changed: for any number o f pairs the pa i r state is unique. It follows (by 

m i n i m i z i n g the free energy for the superfluid i n contact w i t h an external 

electron reservoir i n w h i c h the electrons have e lect rochemical po ten t ia l fi) 

tha t i n t h e r m a l e q u i l i b r i u m two electrons entering the superconductor as 

a b o u n d pai r must always enter w i t h energy 2 / i . I n fact, the superfluid 

behaves exac t ly l ike tha t otherwise m y t h i c a l device of s ta t i s t i ca l thermo­

dynamics the ideal particle reservoir, i n w h i c h a l l the part ic les have the 

same energy ¡x and no entropy. 

T h e new pai red g round state at T = 0, as we sha l l see i n more de ta i l 

later, is not a state w i t h definite occupa t ion of pa r t i cu la r k states, but i t 

may be Four ier analysed in to such states, and when th is is done we find 

tha t the average fc-state occupa t ion differs on ly s l igh t ly f rom tha t i n the 

F e r m i sea at T — 0: instead of the occupa t ion changing sharp ly from 1 to 0 

at the F e r m i surface, the p robab i l i t y of occupa t ion is s l igh t ly b lur red . (Th i s 

b l u r r i n g is a p roper ty of the pa i red ground state i tself and has no th ing to 

do w i t h t h e r m a l exci ta t ion . ) 

Fo r an o rd ina ry me ta l the F e r m i sea ground state has electron and hole 

excitations w h i c h have definite m o m e n t u m Ttk and posi t ive exc i t a t ion en­

ergy efc. W e create an electron exc i ta t ion by t a k i n g an electron from the 

imag ina ry reservoir at energy /x and p lac ing it i n a m o m e n t u m state just 

outside the F e r m i surface, and we create a hole exc i t a t ion by t ak ing an 

electron from a m o m e n t u m state just inside the F e r m i surface and plac­

ing i t i n the reservoir. (In superconduc t iv i ty theory the concept of a 'hole 

state ' refers to an emp ty state below the F e r m i level, and not, as i n semi­

conductor theory, to an e m p t y state at the top of the valence band.) In a 
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Figure 2.1. B C S theory as it applies to the two-fluid model, (a) The paired 
B C S ground state is not very different from the Fermi sea, but has a slightly 
fuzzy Fermi surface. It s t i l l has single-particle excitations which are electron-like 
outside and hole-like inside the Fermi surface, (b) In a superconductor the energy 
Efç. required to bring an excitation of momentum hk from a reservoir of chemical 
potential \i into the system is not less than A. (c) The corresponding density 
of states for excitations g(E) has a sharp cusp at E — A, wi th an energy gap 
for E < A. Bu t it costs no energy to bring electrons from the reservoir into 
superfluid pair states. 

n o r m a l me ta l the energy needed to create such exci ta t ions can be made as 

s m a l l as we like by choosing k near enough to the F e r m i surface. It tu rns 

out tha t the pai red state, l ike the F e r m i sea, s t i l l has exci ta t ions w h i c h are 

electron-like for momen ta just outs ide the F e r m i surface and hole-like for 

m o m e n t a jus t inside. These s ingle-part ic le exci ta t ions are s t i l l fermions, 

w i t h a F e r m i d i s t r ibu t ion i n energy at tempera ture T , and they give the 

sys tem its n o r m a l fluid propert ies, bu t they differ f rom o rd ina ry e lectron 

a n d hole exci ta t ions i n several respects. Fo r instance, because i t takes a 

finite energy 2A to break up one of the condensate pairs w h e n we create 

two electron-l ike exci tat ions, the exc i t a t ion energy E^ cannot be less t h a n 

A. T h e way i n w h i c h 6*. and E^ va ry w i t h k near the F e r m i surface is 

shown i n F igu re 2.1(b), and we see tha t i n the superconduct ing state an 

energy gap for exci ta t ions appears at the F e r m i level . It follows tha t i n 

e q u i l i b r i u m the number of n o r m a l exci ta t ions present w i l l decrease as the 

tempera ture is lowered, w h i c h is w h y the effective densi ty of the n o r m a l 
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fluid falls to zero at T = 0. 

N o t e tha t we have two different ways of add ing electrons to a supercon­

ductor . A s we have seen, we m a y add electrons to the superf luid condensate 

as b o u n d pairs of energy 2 / i , w i thou t affecting the entropy. W e may also 

add a single e lectron to the n o r m a l fluid by creat ing an electron-like exci ­

t a t ion , cor responding to add ing an electron to the n o r m a l fluid. Such an 

electron m a y enter m a n y different s ingle-part icle states w i t h various ener­

gies. In general, as i n a n o r m a l meta l , th is process w i l l change the number 

of ways of a r ranging the system: an electron added to the n o r m a l fluid 

therefore brings entropy w i t h i t . 

It is impor t an t not to imagine tha t we have two comple te ly indepen­

dent in terpenet ra t ing fluids, because the propert ies of the single-part icle 

exci ta t ions and the pairs interact w i t h each other. Fo r instance, as we 

have just noted, the energy (and also, as i t turns out, the ve loc i ty and 

other properties) of the single-part icle exci ta t ions depends on the b ind ing 

energy of the pairs , wh i l e the b ind ing energy of the pairs w i l l depend on 

wha t s ingle-part icle exci ta t ions are present. Moreover , as we sha l l see i n 

the next section, the quanti t ies described as the normal current and the 

supercurrent cannot be ascr ibed i n any s imple way to the single-part icle 

exci ta t ions and the pairs ac t ing alone. The re are, however, some si tuat ions 

i n w h i c h a s imple two-f lu id descr ip t ion is va l id : we sha l l meet an example 

i n Sect ion 16.6. 

2.2 T h e supercurrent a n d the superf luid wavefunction 

W e saw i n Sect ion 2.1 tha t the pairs are energet ical ly coupled together so 

tha t each pai r is i n the same in ternal o rb i t a l state and each pai r has the 

same centre of mass mo t ion . T h i s centre of mass m o t i o n may be described 

by a centre of mass wavefunct ion tf'(r) w h i c h is the same for a l l the pairs, 

and is k n o w n as the superfluid wavefunction. (We sha l l give a more formal 

def ini t ion later, i n Sect ion 9.3.) Fo r instance, a ^ of the form exp( i s • r ) 

corresponds to a state i n w h i c h every pair has the same momentum h s (or 

pa i r ve loc i ty vs = hs/2me). 

Because of the cooperat ive in teract ion, the pa i r m o m e n t u m is not easily 

reduced, by elastic scat ter ing for instance. A s we have seen, changing the 

ve loc i ty of a single pai r w i t h respect to a l l the others w o u l d destroy its 

cooperat ive b i n d i n g energy. It is equivalent to break ing up the pair com­

pletely, and requires energy of at least 2A. A t T = 0 , i f the pair ve loc i ty 

is not too b ig , th is energy w i l l be larger t h a n the k ine t ic energy of the 

pair , so the process cannot occur (see Sect ion 4.7). A t finite temperatures, 

inelast ic processes w i l l be con t inua l ly breaking up pairs and forming t h e m 

by recombina t ion , but such processes also cannot change the common pair 

m o m e n t u m , because each pai r can on ly condense i f i t has a m o m e n t u m 
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Figure 2.2. The supercurrent for finite vs. The figures on the left show 
momentum-space occupations. A t T = 0 the supercurrent corresponds to giving 
velocity vs to all the electrons, but for T > 0 at the same value of Vs there is a 
backflow in the one-particle excitations, so that J s and hence the effective density 
of superelectrons n s ( T ) are both reduced. 

w h i c h matches that of the other pairs a l ready condensed. It w i l l t u r n out 

(Sect ion 5.7) that there are some special energetical ly al lowed processes 

w h i c h do change the momen ta of a l l the pairs at once, but they involve 

flux-line nuclea t ion and are usua l ly exceedingly improbable . T h u s the pair 

m o m e n t u m has a s t rong tendency to persist. T h i s suggests tha t the sys tem 

may show a supercurrent—electric current w h i c h flows persistently, w i thou t 

resistance. 

W e now come to a subtle bu t impor tan t point . T h e supercurrent is not 

just the current carr ied by the re la t ively sma l l number of b o u n d pairs near 

the F e r m i level ac t ing alone. It is, rather, the total non-decaying current 

associated with a given pair momentum. Suppose, for instance, tha t we 

take the pai red ground state and set i t i n m o t i o n by g iv ing the same sma l l 

ve loc i ty t;s to every electron (Figure 2.2). T h i s w i l l , of course, au toma t i ca l ly 

give the pairs the same velocity. A t T — 0 this state is stable: according to 

the F e r m i d i s t r i bu t ion there w i l l be no single-part icle exci ta t ions present 

i n e q u i l i b r i u m , because they a l l have posi t ive exc i t a t ion energy. T h u s , so 

far as cur rent -car ry ing ab i l i t y is concerned, at T — 0 the system behaves 

as t hough all the electrons were superf luid. If we wr i t e the supercurrent 

densi ty as 

J s = -nsevs (2.1) 

then we must identify the effective number densi ty of superelectrons n s as 

the t o t a l number densi ty of electrons n. 

A t finite temperatures , however, the s i tua t ion changes. A s we jus t noted, 

pairs w i l l be con t inua l ly breaking up and reforming, but w i thou t changing 

the c o m m o n pa i r m o m e n t u m . H o w w i l l the single-part icle exci ta t ions come 

to e q u i l i b r i u m w i t h the pairs? K e e p i n g the pa i r m o m e n t u m fixed means 

tha t we keep the fuzzy F e r m i surface shifted th rough a given m o m e n t u m 

from i ts e q u i l i b r i u m pos i t ion (Figure 2.2). I n th is s i tua t ion , the e q u i l i b r i u m 

F e r m i d i s t r i b u t i o n of exci ta t ions w i l l have more electrons o n the left of 
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the F e r m i surface t h a n o n the r ight , because the exc i ta t ion energies are 

lower there. T h u s the e q u i l i b r i u m d i s t r i bu t ion of exci ta t ions , t o w h i c h the 

system decays under the influence of phonon and i m p u r i t y scat ter ing, has 

an excitation backflow to the left. U n l i k e the s i tua t ion i n a n o r m a l meta l , 

however, th is backflow o n l y p a r t l y cancels the effect of the o r ig ina l shift, 

leaving a net current to the right. T h i s res idual current is i n e q u i l i b r i u m 

under the influence of scat ter ing and does not decay, and we must therefore 

regard the whole of i t , i n c l u d i n g the backflow con t r ibu t ion , as supercurrent . 

However, the backflow con t r ibu t ion increases as T rises. Fo r this reason, 

the effective densi ty n s o f superelectrons to be used i n (2.1) falls as the 

tempera ture rises, and reaches zero at T c . 

T h e p ic ture jus t descr ibed holds so long as the electronic mean free 

pa th i is much larger t h a n the size £ 0 of the bound pairs. N o t surpris ingly, 

when the scat ter ing is stronger t h a n this the whole p ic ture of the pa i r state 

has to change. It tu rns out tha t i t is s t i l l possible to define ^ , w i t h the 

supercurrent related to i t i n the usual way. B u t , as we sha l l see later, i n 

this s t rong scat ter ing l i m i t the effective density of superelectrons is reduced 

by a further factor of £/£o (Sect ion 10.9). 

E v i d e n t l y the effective densi ty of superelectrons n s w h i c h appears i n the 

superf luid t ranspor t equat ion (2.1) has a compl ica ted dependence o n T and 

i w h i c h does not correspond at a l l to the densi ty of the pairs themselves, 

w h i c h is much smaller . T h i s raises the quest ion of how the superf luid 

wavefunct ion \P(r) should be normal ized . A t first sight i t seems na tu ra l 

to make \P equal to the ac tua l pa i r ampl i tude . It is, however, often more 

convenient to make equal to the effective densi ty of pairs n p = \ns, 

and this is the convent ion usua l ly adopted for the superf luid wavefunct ion 

W i t h th is convent ion the supercurrent densi ty is —2e#r#r*us, or, more 

generally, 

iefi 
J s = - ^ V ^ * ) . (2.2) 

T h i s convent ion is convenient, because it makes the supercurrent have the 

fami l ia r quan tum-mechanica l fo rm for a current density, bu t i t is impor t an t 

to remember that the ampl i tude of ^ , as here defined, has been fixed i n 

a rather ar t i f ic ia l way and is on ly ind i rec t ly related to the ac tua l pair 

ampl i tude . 

2.3 Introduct ion of the magnetic vector potent ia l 

Magne t i c fields and the magnet ic vector potent ia l p l ay a large role i n the 

physics of superconductors and we need to be clear about our hand l ing 

of t hem. A s usual we sha l l use the electrostatic potential <j){r) and the 

magnetic vector potential A(r) to describe the electric and magnet ic fields 
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Figure 2.3. Idealized behaviour of the electric potential energy — e<¡>, the Fermi 
energy €p and the electrochemical potential ¡i at a contact between two metals. 
Notice that it is p, which is constant in equilibrium. 

[2] w i t h 

E=-dA/dt-V(t> (2.3) 

B= V A A. (2.4) 

(These potent ials are not un ique ly defined, bu t a l l the equations of th is 

sect ion are gauge invariant—they ho ld for a l l possible po ten t ia l descrip­

t ions: see Sect ion 2.7.) In consider ing electron currents i n metals we have 

to remember the pr inc ip le of t he rmodynamics w h i c h states tha t i t is the 

gradient of the electrochemical potential fi rather t h a n the gradient of <j> 

w h i c h determines how the electrons flow: indeed an o rd ina ry vol tmeter ac­

t u a l l y measures differences i n \x ra ther t h a n 0 [3]. (In a free-electron m o d e l 

we m a y wr i t e \i(r) as —e0(r) -hep(r)—see F i g u r e 2.3.) T h e d r i v i n g field for 

electrons is therefore not the real electric field E, but the effective electric 

field, g iven by 

Eeñ = -dA/dt + V / i / e . (2.5) 

W e also need to recal l how q u a n t u m theory is w r i t t e n i n the presence of 

a magnet ic field [4]. For a par t ic le of mass m and charge Q the operator 

— i ? i V is the operator for the canonical momentum p = mv + QA, a n d 

not the usual N e w t o n i a n m o m e n t u m mv [5]. T h i s has some i m p o r t a n t 

consequences. For instance, the Schrôdinger equat ion for an electron ( w i t h 

mass m e , charge — e and canonica l m o m e n t u m mev — eA) becomes 

- i - ( - m V + eA)H -e<j)V = E$. (2.6) 

(Not ice tha t the first t e r m s t i l l represents the N e w t o n i a n k ine t ic energy 

^mev
2.) Exp re s s ion (2.2) for the supercurrent densi ty — 2e$ r# r*v s now takes 
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the form 
ieh 

2 m P 

2e 2 

m e 

(2.7) 

For appl ica t ions later i n th is chapter i t w i l l be convenient to rewri te th is 

expression i n a s impler form. I f we wr i te & i n terms of i ts ampl i tude and 

phase as n p e , (2.7) reduces to 

(2.8) 

where we have in t roduced the London parameter A = me/nse
2. Here AJS 

is -mevs/e w r i t t e n i n terms of J s , and ftV0 is the loca l canonical pai r 

m o m e n t u m . W e also know that the loca l pai r energy is 2/¿. Since the rate 

of change of phase of the pa i r wavefunction is related i n the usual way to 

the loca l pa i r energy, we have 

kdt = 
(2.9) 

A s we sha l l see short ly, equations (2.8) and (2.9) con ta in much of the 

essential physics of the superf luid. 

2.4 T h e first L o n d o n equat ion a n d perfect conduct iv i ty 

If we take the t ime der ivat ive of (2.8) we find w i t h the help of (2.9) that 

d(AJs) 

dt 
-dA/dt + Vn/e 

or 
d(AJs) 

dt 
(2.10) 

where Eeff is the effective d r i v i n g field for electrons i n the superconductor 

in t roduced i n Sec t ion 2.3. T h i s result is k n o w n as the first London equa­

tion. (The correct e lec t rodynamic equations for superconductors were first 

wr i t t en down by F r i t z and He inz L o n d o n i n a celebrated paper of 1935 

[6], and F r i t z L o n d o n shor t ly afterwards showed thei r connect ion w i t h an 

equat ion of the form (2.7) [7], t hough the idea tha t pairs were involved d i d 

not emerge u n t i l m u c h later.) E q u a t i o n (2.10) is c lear ly an acceleration 

equation: i t m a y be rewr i t t en as dJ/dt = (nse
2/m)Eefi, w h i c h is wha t 

one wou ld expect for the free accelerat ion of superelectrons i n an electric 
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field. It impl ies tha t after a short pulse of electric field the sys tem w i l l be 

left w i t h a supercurrent w h i c h w i l l not decay, and th is , of course, is the 

proper ty of superconductivity. 

T h e above analysis is not a p roof from first pr inciples o f the p roper ty 

of superconduct iv i ty . W e noted earlier tha t we can o n l y expect to see 

superconduc t iv i ty i f the decay of pa i r m o m e n t u m by scat ter ing or other 

processes is i nh ib i t ed for some reason. T h e same assumpt ion is bu i l t in to 

our der ivat ion . In us ing equat ion (2.9) i n the presence of a supercurrent 

we t a c i t l y assumed tha t the superelectrons r emain i n t h e r m a l e q u i l i b r i u m 

w i t h the par t ic le reservoir and have energy /¿, even w h e n i n m o t i o n . T h i s 

assumpt ion is o n l y va l i d i f the superelectrons r emain i n a unique state 

w h i c h is incapable of decaying. W e s t i l l have to look to microscopic theory 

to see w h y th is happens, and sha l l re turn to this quest ion i n Sect ion 9.4. 

T h e first L o n d o n equat ion is valuable not as a ' p r o o f of the p roper ty of 

superconduc t iv i ty bu t as a descr ip t ion of how the supercurrent accelerates 

w h e n an electric field is present. 

T h e proper ty of superconduc t iv i ty can be exceedingly useful, most obv i ­

ously, perhaps, i n b u i l d i n g powerful electromagnets w h i c h absorb no power 

(Sect ion 18.14) and i n m a k i n g microprocessor elements w h i c h dissipate no 

heat (Sect ion 18.8), but i t can also be helpful to the low-temperature ex­

per imenta l i s t . A n o rd ina ry solder-coated copper wi re is superconduc t ing 

at l i q u i d h e l i u m temperatures and can be very useful i n the leads of a po­

tent iometer measur ing t i n y voltages of order 1 0 - 1 5 V , for instance. A s we 

sha l l see later, such a wi re may be d r iven n o r m a l by qui te modest magnet ic 

fields, but wires w i t h superconduct ing cores hav ing c r i t i c a l fields of 10 T 

or more are commerc ia l ly available, from w h i c h one can easi ly w i n d s m a l l 

magnet coils and flux transformers (Sect ion 18.5). 

2.5 T h e second L o n d o n equat ion a n d perfect d iamagnet i sm 

If we take the cu r l of (2.8) we find, since the c u r l of a gradient is always 

zero, tha t 

V A (AJs) = -B. 
(2.11) 

T h i s is the second London equation. It is i n some respects the analogue for 

the supercurrent of O h m ' s law and shows how a s teady supercurrent is a 

funct ion of the magnet ic rather t h a n the electric field. 

U s i n g the second L o n d o n equat ion, we m a y show tha t an appl ied mag­

netic field should on ly penetrate a very short distance in to a superconduc­

tor . W e first wr i t e d o w n A m p e r e ' s rule as 

V A B = fi0{Js + Jres) (2.12) 
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Figure 2.4. The magnetic field B and current density J s both decay expo­
nentially wi th distance z into a bulk superconductor, wi th characteristic decay 
length A L , the London penetration depth. 

where J r e s represents any res idual current densi ty w h i c h m a y be present 

i n add i t ion to the supercurrent (such as a thermoelect r ic current i n the 

n o r m a l electrons, for instance) . T h e n on t a k i n g the cu r l of (2.12) we find 

tha t 

V A ( V A JB) = JUOV A ( J s + Jres) 

or 
V2B 

Mo 
B - MO V A J r < (2.13) 

assuming tha t A is 

V ( V • B) - V2B and 

independent of pos i t ion , since V A ( V A B) = 

V • B = 0. In almost a l l p rac t i ca l s i tuat ions we 

have either J r e s = 0 or V A J r e s = 0 (for an except ion see Sect ion 2.9) and 

thus 

(2.14) 

where A L is the London penetration depth ( A / = {me/nonse
2)%. T h i s 

result has the form of a screening equation. For instance, near a plane 

surface the magnet ic field and the supercurrent densi ty b o t h decay expo­

nent ia l ly w i t h dep th z as e~z/Xh (F igure 2.4). T h e character is t ic decay 

length A L is sma l l—of order 1 0 - 6 m at T = 0 i n most superconductors , 

but becoming inf ini te at T c where ns tends to zero. (We shal l discuss 

measurements of the penet ra t ion dep th later, i n Sect ion 10.10.) 
It follows from the screening equat ion that any appl ied magnet ic field 

should be comple te ly exc luded from the bu lk of a superconductor by s t rong 

screening currents flowing i n the very t h i n sk in dep th region near the free 

surface. T h i s is the p roper ty of perfect diamagnetism and is wha t is ob­

served for well-annealed samples of type I superconductors such as t i n or 

lead. T h e proper ty is sometimes described by saying tha t a b u l k type I 

superconductor is a magnet ic ma te r i a l w i t h pe rmeabi l i ty ¡x = 0 and sus­

cep t ib i l i t y Xm = — 1. N o t e tha t our der iva t ion of th is result was based on 
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Figure 2.5. A small sample of ceramic superconductor at l iquid nitrogen tem­
perature, levitated over a ferromagnet. There is a repulsion between the magnet 
and the induced screening currents flowing in the superconductor. (Reproduced 
by permission of the Cavendish Laboratory, University of Cambridge.) 

(2.7), and hence on the no t ion tha t the supercurrent can be descr ibed i n 

te rms of the superfluid wavefunct ion ^ ( r ) . A g a i n i t is necessary to appeal 

to microscopic theory i f we wi sh to unders tand w h y th is is so. 

T h e proper ty of perfect d i amagne t i sm can be very useful. It m a y be 

used, for instance, to levi tate sma l l objects, p rov id ing an almost comple te ly 

frictionless suspension (Figure 2.5), and at l i q u i d he l ium temperatures a 

s imple sheath of superconduct ing lead foi l provides an almost perfect shie ld 

against a l l electric and magnet ic fields. 

It is impor t an t to notice tha t the two L o n d o n equations, t hough closely 

related, are independent, and neither can be deduced from the other. For 

instance, i f we t r y to ob ta in (2.10) by first t a k i n g the t ime der ivat ive of 

(2.11) and then integrat ing i n space, we cannot fix the t e r m i n V / x on the 

r igh t -hand side of (2.10) w i t h certainty. T h u s , a l though it is obvious tha t 

the screening currents w h i c h flow on the surface of a superconductor i n a 

magnet ic field must be resistanceless because they do not decay w i t h t ime , 

we cannot prove that the effective electric field inside the superconductor 

is zero us ing the second L o n d o n equat ion alone. 

Conversely, i t is t rue tha t we can get the t ime der ivat ive of (2.11), bu t 
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not (2.11) itself, b y t a k i n g the c u r l of (2.10). U s i n g the t ime der ivat ive o f 

Ampere ' s rule, we can also get the t ime derivat ive of (2.14). B y integrat ing 

w i t h respect to t i m e we m a y deduce tha t changes i n B are screened from the 

bu lk of the superconductor . E q u a t i o n (2.14), on the other hand , is stronger: 

i t impl ies tha t the field B itself is zero deep inside a superconductor . 

However, not a l l superconductors show this idea l screening behaviour , 

as we sha l l now see. 

2.6 T h e Mei s sner effect, flux t rapp ing a n d flux quant izat ion 

It is interest ing to ask whether magnet ic flux can ever be trapped inside a 

superconductor . (For a ma te r i a l w h i c h s i m p l y becomes a perfect conductor 

i n the sense tha t the carriers have iner t ia but negligible d a m p i n g , we expect 

to find t r apped magnet ic fields. T h i s is wha t happens i n a p lasma, for i n ­

stance, and i t was o r ig ina l ly expected that superconductors wou ld behave 

i n the same way.) T h e screening equat ion (2.14) suggests tha t there should 

be no magnet ic flux deep inside a w h o l l y superconduct ing mater ia l—there 

ought to be no flux t r apped i n the superconductor itself. It follows that 

any field o r ig ina l ly present should be expelled w h e n the ma te r i a l becomes 

superconduct ing. T h i s is indeed what happens when careful ly annealed 

samples of type I superconductors are made superconduct ing by cool ing or 

by reducing the magnet ic field below the c r i t i c a l field (F igure 2.6(a)). T h e 

effect was first observed by Meissner and Ochsenfeld i n 1933 [8] and is usu­

a l ly referred to as the Meissner effect. W e shal l discuss i ts t he rmodynamic 

impl ica t ions i n Sec t ion 3.2. 

However, we must not conclude too has t i ly tha t superconductors cannot 

t rap flux. Suppose we have a piece of type I superconductor i n the form of 

a r ing (F igure 2.6(b)). F r o m the first L o n d o n equat ion (2.10) we know that 

the effective electric field 2£efF must be zero deep inside the b o d y of the r ing , 

because dJ/dt = 0 there. (Th i s applies even i f the supercurrents flowing 

i n the r ing are changing, because the screening equat ion (2.14) shows that 

such currents o n l y flow w i t h i n the sk in depth.) F r o m (2.5) we can deduce 

tha t Faraday ' s l aw holds i n the form 

where is the magnet ic flux l inked w i t h the contour . I f the contour is 

taken around the r i n g deep inside the mate r i a l where EeTj = 0 we deduce 

tha t the flux # passing th rough the r i ng is conserved. T h u s any flux pass­

ing th rough a ring of superconductor is indeed t r apped : the supercurrents 

i n the r ing w i l l adjust themsleves so that the flux passing th rough the r ing 

(2.15) 
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B 

(a) 

T>TC 

Figure 2.6. F lux expulsion and flux trapping, (a) The Meissner effect, the 
expulsion of magnetic flux from a well annealed type I superconductor as it enters 
the superconducting state, either by cooling or by reducing the field below the 
crit ical field, (b) F lux trapped in a ring of superconductor, (c) F l u x trapped in 
a normal region of a superconducting shield either because it was pinned there 
by defects or because the superconductor was cooled from the outside inwards 
rather than from the bottom upwards. 

never changes. (Exper imenters need to remember tha t at h e l i u m temper­

atures rings of o rd ina ry soft solder, w h i c h are c o m m o n features of me ta l 

apparatus , w i l l be superconduct ing and m a y t r ap magnet ic flux.) 

T h e same sort of t h i n g may happen w i t h a s i m p l y connected piece of 

superconductor i f par t of i t has been dr iven n o r m a l for some reason. Fo r 

instance, i f a screening lead sheath is cooled from the sides ins tead of 

f rom the b o t t o m , the superconduct ing region when i t first forms m a y be 

i n the form of a r ing and may t rap some flux (F igure 2.6(c)). A s the 

superconductor cools, the flux m a y be compressed into a s m a l l region at 

the b o t t o m of the sheath, where i t m a y provide a field large enough to 

h o l d a s m a l l region of the sheath n o r m a l . I f th is happens, the sheath w i l l 

cont inue to t r ap flux instead of shie lding i t . Indeed, behaviour of th is sort 

is c o m m o n i n pract ice and difficult to avoid . 
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E v e n more complex phenomena occur i n type II superconductors. A s we 

shal l see i n Chapte rs 4 and 5, these are mater ia ls w h i c h m a y be threaded 

by flux lines, fine threads of flux a long w h i c h the superconductor has an 

effectively n o r m a l core. I n type II superconductors par t icu lar ly , flux is 

l ike ly to be p inned inside the ma te r i a l and unable to flow to the surface. 

W h e n flux is t r apped by a superconductor i t is frequently, and inter­

estingly, not o n l y conserved but also quantized. Cons ider wha t happens 

i f we take the l ine in tegra l of equat ion (2.8) a round some loop w h i c h 

lies w h o l l y inside a superconductor (F igure 2.7). T h e l ine integral of 

—V# = (2e/ti)(A + AJS) is s i m p l y the to t a l decrease i n 0 as we move 

once a round the loop, and th is must be a mul t ip le of 2n since the phase at 

the s ta r t ing point must be we l l defined. T h u s 

j>(A + AJS) • dl = Ye

2lTn (2-16) 

where n is an integer. W h e n we are deal ing w i t h bu lk superconductors and 

the pa th of in tegra t ion lies deep inside the superconductor where J s = 0, 

the left-hand side of (2.16) reduces to § A • dl, w h i c h is jus t the flux ^ 

passing upwards th rough the loop. It follows tha t th is flux is quant ized as 

<2> = n#o (2.17) 

where n is an integer and $o is the flux quantum defined as 

1 z e 1 (2.18) 

(Note the factor of two i n the def ini t ion of the flux quan tum, w h i c h arises 

because we are deal ing w i t h a wavefunct ion for pairs . #o has the value 

2 x 1 0 " 1 5 W b . ) If the superconductor is s i m p l y connected and contains 

no singulari t ies i n \P then we see by sh r ink ing the loop to a poin t tha t we 

must have n = 0, but i f the superconductor is i n the form of a r ing , or i f 

i t contains n o r m a l regions or flux l ine singulari t ies (Sect ion 4.10), then n 

m a y be non-zero. 

No t i ce , however, t ha t the quan t i za t ion argument holds on ly i f we can find 

a loop on w h i c h J s = 0. Cases where this is not possible inc lude rings t h i n 

compared to the pene t ra t ion depth , r ings i n w h i c h there is thermocouple 

ac t ion (Sect ion 2.8) and ro ta t ing rings (Sect ion 2.9). In a l l o f these cases 

the quant ized quan t i ty is the left-hand side of (2.16), w h i c h is k n o w n as the 

fluxoid, and the flux i tself is not quant ized. T h e flux is also not quant ized 

for r ings con ta in ing Josephson junc t ions (Sect ion 6.5), for a s imi l a r reason: 

we cannot wr i t e — V 0 = (2e/h)A i n the ne ighbourhood of the j u n c t i o n . 

T h e quan t iza t ion of flux i n a r ing was first detected by Deaver and 

Fa i rbank [9] and also by D o l l and Nábauer [10], b o t h i n 1961. T h e y used a 
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/ 

Figure 2.7. Quantization of flux in a mult iply connected ring of superconductor. 

cy l inder of superconduct ing film evaporated onto a t h i n fibre. T h e fibre was 

cooled i n a sma l l para l le l magnet ic field, w h i c h was subsequently removed. 

T h e release of flux on w a r m i n g by the fibre was measured ba l l i s t ica l ly . M o r e 

recently, the exper imenta l conf i rmat ion by G o u g h et al [11] tha t the flux 

q u a n t u m i n h i g h - T c superconductors has the same magni tude h/2e shows 

tha t , whatever the detai led microscopic theory is i n th is case, i t must s t i l l 

involve a pai r wavefunct ion i n some sense. T h e i r exper iment was done 

us ing a SQUID magnetometer (see C h a p t e r 18) to measure the flux t r apped 

by a r i ng of sintered mate r i a l a few mi l l imet res across. 

2.7 G a u g e transformations a n d the L o n d o n gauge 

W e come now to a rather technica l po in t , bu t one w h i c h proves to be par­

t i c u l a r l y significant for superconductors . I n consider ing the descr ip t ion of 

the electr ic and magnet ic fields set out i n Sect ion 2.3, i t is helpful to re­

member tha t though the potentials and the wavefunct ion describe phys ica l 

var iables , they are not themselves observable. In fact i f we s imul taneous ly 

t r ans fo rm A, <j>, ¡i and ̂  as follows 

A -+ A + V x (2.19) 

0 -> 0 - dx/dt (2.20) 

li^>li + edx/dt (2.21) 

e - 9 - ¥ x (2.22) 

where 9 is the phase of # and x(rit) l s a n a rb i t r a ry d i f f e ren t i a t e and 

single-valued funct ion of space and t ime , we find tha t the t ransformat ion is 

purely formal and has no effect on any observable quanti t ies . Fo r instance, 

i t is easy to see tha t i t has no effect o n the fields E, Eefi and B, or o n 
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the value o f J s . Such a t ransformat ion is cal led a gauge transformation. 

Observables w h i c h do not change under a gauge t ransformat ion are said to 

be gauge invariant Unobservable quanti t ies such as A,<\>,ii and 9 w h i c h 

change i n a defined way under a gauge t ransformat ion are said to be gauge 

covariant. 

U p to th i s po in t we have been careful to keep a l l the equations i n this 

book gauge invar ian t—they ho ld i n a l l gauges—but sometimes i t is conve­

nient to work i n a par t i cu la r gauge. For instance, i f the superconduct ing 

wavefunct ion is single va lued (which w i l l be t rue so long as the supercon­

ductor is s i m p l y connected and contains no in te rna l flux) i t is convenient 

to choose x(rit) s o tha t 9 always remains zero everywhere. T h i s might be 

cal led the rigid gauge, because the superfluid wavefunct ion becomes r ig id 

i n the sense tha t the phase of & never changes and the canonica l momen­

t u m p = KV9 remains zero when we swi tch on an appl ied magnet ic field 

or in t roduce t ranspor t supercurrent . T h i s choice is na tu ra l and convenient 

because i t follows f rom (2.9) tha t we have ind i r ec t ly defined fi to be zero 

everywhere, w h i c h means that we m a y t h i n k of a l l the superelectrons as 

being i n e q u i l i b r i u m w i t h a not iona l par t ic le reservoir whose energy we 

have chosen as our zero of energy. U s i n g (2.8) we find tha t i n the r ig id 

gauge the second L o n d o n equat ion may be w r i t t e n i n the form 

A J S - -A. (2.23) 

T h i s is equivalent to w r i t i n g mevs as eA: i n the r ig id gauge the N e w t o n i a n 

m o m e n t u m of the electrons is represented by the vector po ten t ia l t e r m 

alone. 

W e very frequently also know that V • J s = 0. (Th i s w i l l be true so 

long as n o r m a l current is not being converted into supercurrent , as i t may 

be, for instance, at an NS interface or when we have posi t ion-dependent 

thermoelect r ic n o r m a l currents.) It then follows f rom (2.23) tha t 

V • A = 0 and An = y l J s n . (2.24) 

where the second re la t ion is a boundary cond i t ion : An is the component 

of A n o r m a l to the b o u n d a r y and J s n is the supercurrent densi ty no rma l 

to the boundary , i f any. A vector poten t ia l w h i c h satisfies these condi t ions 

is sa id to be i n the London gauge. W h e n combined w i t h the requirement 

V A A = B these condi t ions of the L o n d o n gauge fix the value of A for 

a given field inside the superconductor unambiguously . Moreover , i n the 

L o n d o n gauge i t is easy to show tha t A obeys the equa t ion V2A — 0 out­

side the superconductor and the screening equat ion V2A = A/X2 inside 

the superconductor . B y so lv ing these two equations, subject to the L o n d o n 

condi t ions and appropr ia te bounda ry condi t ions at infini ty, one can com­

pute the pa t te rn o f fields and supercurrents for superconductors subject to 

given appl ied fields or t ranspor t currents. 
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W e cannot always use the L o n d o n gauge i n this way, however. In m u l t i ­

p l y connected superconductors or i n type II mater ia ls con ta in ing flux lines, 

the phase is not single va lued, so we cannot find a gauge t rans format ion 

w h i c h makes the phase the same everywhere, and w h e n n o r m a l current is 

be ing converted into supercurrent the L o n d o n gauge no longer corresponds 

to the r ig id gauge. 

It is ins t ruct ive to use the L o n d o n gauge to discuss the re la t ion be­

tween perfect d iamagne t i sm i n superconductors and the we l l -known d ia -

magne t i sm of atoms. W h e n an a t o m is placed i n a un i fo rm magnet ic field 

B, i t is wel l k n o w n tha t the electron assembly undergoes Larmor preces­

sion w i t h angular ve loc i ty eB/2me, and the corresponding ro ta t ion of the 

assembly gives the a t o m a die magnet ic moment . I n q u a n t u m theory we 

account for th is as follows. T h e un i fo rm field appl ied to the a t o m m a y 

be described using a vector po ten t ia l of the form A — \B A r , w h i c h is 

i n the L o n d o n gauge. In a weak field, th is pe r tu rba t ion has a negl igi­

ble effect on the wavefunction; as i n the superconductor we m a y say tha t 

the wavefunct ion is rigid i n th is gauge. T h e formal angular m o m e n t u m 

q u a n t u m numbers are not changed and the loca l canonica l m o m e n t u m p is 

not al tered. However, the interpretation of the wavefunct ion does change. 

Because p — mev — eA, the electrons now a l l have an ex t r a loca l veloc­

i t y eA/me, as i n the superconductor . In the a tom this ve loc i ty has the 

form (eB/2me) A r , the expected precession velocity. T h e o n l y i m p o r t a n t 

difference i n the case of an object as s m a l l as an a tom is tha t the d iamag-

netic current is too weak to screen the appl ied magnet ic field appreciably, 

whereas i n the superconductor , as we have seen, i t is s t rong enough to re­

s t r ic t the field to the region w i t h i n a penet ra t ion dep th A L of the surface. 

2.8 T h e r m o e l e c t r i c effects 

W h e n a temperature gradient exists i n a n o r m a l meta l , processes such as 

e lec t ron-phonon coll isions dr ive the electrons a long the tempera ture grad i ­

ent: the me ta l behaves as though i t contained a d r i v i n g e lec t romot ive force 

( E M F ) , the t he rma l Seebeck E M F . In an isolated sample the electrons flow 

u n t i l a gradient of e lec t rochemical po ten t ia l is set up w h i c h cancels out the 

effect of the E M F , and d y n a m i c e q u i l i b r i u m is established (F igure 2.8(a)). I f 

two different metals are connected i n a loop, the Seebeck E M F correspond­

ing to a given tempera ture difference m a y not be the same i n each, so i n 

general there w i l l be a net E M F ac t ing i n the loop and a thermoelec t r ic 

current w i l l c i rcula te (F igure 2.8(c)). 

In a superconductor someth ing different happens. W e cannot set up 

a gradient of /x, and the thermoelect r ic forces therefore dr ive a cont inu­

ous n o r m a l thermocurrent a long the sample. W e m a y use the analysis o f 

Sec t ion 2.5 i n th i s s i tua t ion , ident i fy ing J r e s as the n o r m a l thermoelec t r ic 




